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How does rotation
affect pulsation?
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Third-Order Perturbation Theory
F. Soufi et al.: Effects of moderate rotation on stellar pulsation. I 923
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with P2 being the second order Legendre polynomial and

w1 = d
dr (1

ρ )dp22
dr + 1

ρ
d
dr (ρ22

ρ )dp
dr

(B10)

The detailed expression ofDkq involves derivatives of den-
sity which tend to magnify surface effects and can introduce
inaccuracies in the computation of the frequencies when the at-
mosphere is poorly described. This is particularly true for high
overtones which are more concentrated toward the outer lay-
ers. Density derivatives are therefore eliminated by means of
integrations by parts and with the use of the following relations:
dΓ1pλ

dr = −ρ g q; q = c − yth1

c = y (Cσ̂2 + 4 − U) − Λz − w
(B11)

As a result of integrations by parts, one finally obtains:

Dkq = ω0

(

Ω̄
ω0

)2
(

δlk,lq D1 + Qkq2 (D2 + 2m Ω
ω0

D3)

)

(B12)

with
D1 = ω0

2J
∫

drρr4 ykyqb2

D2 = ω0
2J
∫

drρr2 1
2(Dqk + Dkq)

D3 = ω0
2J
∫

drρr2 (D3kq + D3qk)d1

(B13)

where
D3kq = λkytq + 1

2ykytq(U − 4)

+ 1
2Cσ2

0

(

ykyq + (Λ̄ − 3)zkzq

) d ln Ω
d ln r

− 1
Λq

(Λ̄ − 3)(zq + yq)Cσ2
0(yk − 2zk)

+ 1
Λq

(Λ̄ − 3)(zq + yq)
A
Vg
λk + (Λ̄ − 3)zky2q

Dqk = −(d1F1 + d2F2 + r2b2F3 + r2b3 yksq)

(B14)

and
F1 = ykyqa1 + λka2 + a3yk + a4zk + a5zkzq + a6ytq

F2 = ykyq(U − Cσ2
0) + yq[2wk + (4 − 2U)sk − qk]

+zq[Λq(vk − yk) + (Λk − 6)ytk] − Cσ2
0(Λ̄ − 3) zkzq

F3 = Cσ2
0(yqyk + zqzk(Λ̄ − 3)) + yqsk(U + 6)

+(Λk − Λq + 6)zkyq + (6 − 2Λ̄)zkvq

−2yqwk − skλq

(

∂ ln Γ1

∂ ln ρ

)

p

(B15)

The aj quantities in F1 above are defined as:

a1 = 6 − U
(

U + 2 d ln ρ
d ln r

)

+ Cσ2
0 U

a2 = −2Uyq

a3 = −2Uwq + 2Λqvq + (U − 4)(cq + 2Λqzq) + sqψ

a4 = 2Λkwq + Λk(4 − U)sq + 2ytq(Λ̄ − 3)(4 − U)

− (Λk − Λq + 6) yqCσ2
0 + 2(Λ̄ − 3)Uδq,0yq

a5 = Cσ2
0 (U − 6)(Λ̄ − 3)

(B16)

a6 = 2δlq,0(1 − δlk,0) (Λ̄ − 3)

(

yk − 2zk − A
Vg

λk

Cσ2
0

)

For shortness, we have defined:
ψ = 6 + U(U − 3) + (4 − U)(1 − U)

Λ̄ =
Λk + Λq

2

s = y − yt + v; λ = Vg(y − yt + v)

d1 ≡ r2u2; d2 ≡ r dr2u2
dr ; b2 = 1

3r dη2
dr ; b3 = 1

3r2 d2η2
dr2

(B17)

We recall that d1, d2 arise from the non-spherically symmetric
distortion of the equilibrium model and must be obtained by
numerical integration of the system Eq. (17).

Integration over θ, ϕ imposes selection rules upon the de-
grees of the near-degenerate modes which can couple. The az-
imuthal orderm must be the same and one has
Qkq2 =

∫

sin θ dθ dϕ Y ∗
k YqP2

= δlk,lqQkk2 + 3
2δlk,lq+2 βkβq+1 + 3

2δlk,lq−2 βk+1βq

Qkk2 = 3
2 (β2

k+1 + β2
k) − 1

2 = Λk − 3m2

4Λk − 3

(B18)

The diagonal coefficient ωD ≡ Dkk is:

ωD =
(

Ω̄
ω0

)2

( ω0JD
2 + mΩ̄JD

3 +

mΩ̄JD
2 (CL − 1 − J1) )

(B19)

with
JD

2 = J2D,1 − Qkk2 J2D,2

JD
3 = −Qkk2 J3D,1

(B20)

and
J2D,1 = 1

2I
∫

dr ρr4 b2 y2

J2D,2 = 1
2I
∫

dr ρr2
(

d1F1 + d2F2 + r2b2F3 + r2b3F4

)

J3D,1 = 1
I
∫

dr ρr2 D3kk

(B21)

“We feel perturbation theory calculations are 
still useful...  Undoubtedly, the use of [2-D 
hydrocodes] will ultimately be unavoidable, but 
then it will be very helpful to have a code based 
on the perturbational approach for comparisons 
at moderate equatorial velocities where both are 
valid.”

Soufi et al. (1998)
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‣ Solve PDEs directly

‣ Expand in Ylm expand, solve coupled ODEs

‣ Ray tracing (acoustic waves)

‣ Traditional approximation (gravity waves)

Non-Perturbative Techniques

Savonije et al. (1995); Clement (1998)

Durney & Skumanich (1968); Lee & Baraffe (1995); Reese et al. (2006); 
Ouazzani et al. (2012)

Lignières & Georgeot (2008)

Berthomieu et al. (1978); Bildsten et al. (1996); Lee & Saio (1997); 
Townsend (2003); Dziembowski et al. (2007); Mathis et al. (2008)
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D. R. Reese et al.: Pulsation modes in rapidly rotating stellar models based on the self-consistent field method 195
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Fig. 3. A comparison between pulsation modes in polytropic models and models based on the SCF method. The same three categories apply in
both cases as can be seen by the analogous geometric structure. The quantum numbers ñ and !̃, which only apply to island modes, are the number
of nodes in the directions indicated in the lower left plot.

Table 1. Parameters for the asymptotic formula Eq. (27).

M
M"

η α Nmodes
∆ñ

(µHz)
∆!̃
∆ñ

∆m̃

∆ñ

α̃

∆ñ

Ωfit

∆ñ

Ωreal

∆ñ

〈
δω2

〉1/2

∆ñ

poly& 0.6 0.0 84 36.7 0.66 0.029 2.92 0.827 0.838 0.047
1.7 0.7 0.0 40 37.1 0.77 0.018 3.52 0.975 0.982 0.023
1.8 0.9 0.0 11 33.5 0.42 0.011 2.86 1.157 1.167 0.038
25.0 0.6 0.0 39 15.2 0.79 0.016 3.39 0.947 0.969 0.030
25.0 0.6 0.2 31 15.1 0.85 0.018 3.63 0.944 0.947-0.987 0.045
25.0 0.6 0.4 31 15.5 0.90 0.050 3.37 0.915 0.830-0.988 0.059
25.0 0.9 0.0 24 12.4 0.70 -0.002 3.41 1.380 1.387 0.033

Values of the different parameters from Eq. (27) for selected SCF models as well as for a polytropic model (first line). The first three columns
identify the model, where η and α come from Eq. (1). The parameters (Cols. 5–9) were based on a sparse mode set (the number of modes being
indicated by Nmode) and are therefore subject to error. The last column contains the average deviation between asymptotic frequencies based on
Eq. (27) and the numerical frequencies.
& Polytropic model with N = 3, M = 1.7 M" and Req = 1.84 R". These are also the mass and equatorial radius of the model on the next line.

as was also observed in Lignières et al. (2006) and Lovekin et al.
(2009).

In the last column, the standard deviation between the
asymptotic and numerical frequencies is given. It is defined as
follows:

〈
δω2

〉1/2
=

√√√
1

Nmodes

Nmodes∑

i=1

(
ωi − ωasymp

i

)2
(28)

where ωasymp
i are the frequencies given by the asymptotic for-

mula and ωi the numerical frequencies. Although the asymptotic
formula captures the basic structure of the frequency spectrum
(at least for low values of m), there are differences which are
larger than observational error bars. The main causes seem to
be deviations resulting from avoided crossings and also a slight

variation of the azimuthal dependence of the frequencies with !̃
and ñ (see following section).

3.3. High azimuthal orders

The results presented so far were based on pulsation modes with
azimuthal orders between –2 and 2. However, island modes also
exist for high values of m as is illustrated in Fig. 4. As can be
seen in the figure, high m island modes have an analogous struc-
ture to their low m counterparts except that they are much closer
to the equator. This is similar to the behaviour of sectoral modes
in non-rotating stars.

Figure 5 shows two pulsation frequency spectra with ñ = 15
to 20, !̃ = 0 to 1 and m = −10 to 10. The left plot is for a uni-
formly rotating model and the right one corresponds to differ-
ential rotation. The symbols represent the numerical frequencies

Reese et al. (2009)

p-Modes in Rapidly Rotating Stars

Small ℓ-|m| Intermediate ℓ-|m| Large ℓ-|m|
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2

FIG. 1: (Color online) PSS and typical acoustic rays at a rotation equal to 59 percent of the Keplerian limit. A whispering
gallery ray (green/light grey), an island ray (blue/dark grey) and a chaotic ray (red/grey) are shown on the physical space and
on the PSS (diamonds in the center figure). The central orbit of the island is also shown (yellow between points a and b). kθ/ω
is in unit of

p

r3
s(0)/GM with M the stellar mass and G the gravitational constant.

in the natural basis associated with the coordinate sys-
tem (ζ = rs(θ) − r, θ). We use the scaled variable kθ/ω
as, in the limit ω " ωc, the ray dynamics becomes inde-
pendent of the frequency away from the reflection points.
We found that increasing the stellar rotation leads to a
soft transition from integrability to chaos analogous to
the one described by the KAM theorem. As illustrated
in Fig. 1 for a given rotation rate, the phase space shows
a mixed structure where chaotic regions coexist with a
whispering gallery region close to the boundary and reg-
ular islands around stable periodic orbits. As rotation
increases, both the chaotic region and the central island
chain get larger. A crucial feature of the dynamics is that
each region is dynamically isolated from the other by in-
variant tori which prevent communication between them.
Such a situation has been found several times in the do-
main of quantum chaos, and generally it was surmised
[14] that the stationary waves localized on one of these re-
gions form an independent subset with specific dynamical
properties. The frequency spectrum thus appears as the
superposition of independent frequency subsets reflecting
the phase space structure. This surmise has been found
to be a good approximation for many systems, although
some correlations may remain between the frequency sub-
sets due to modes localized at the border between zones
or due to the presence of partial barriers in phase space
[15].

It is therefore important to know if this spectrum or-
ganization is valid in the high frequency limit where it
is supposed to hold, and even more important to assess
if it is still relevant to the observable acoustic modes.

We have thus numerically computed exact axisymmet-
ric modes of Eq. (1), using the method described in [6],
in the frequency range [ω1, 12ω1], ω1 being the lowest
acoustic frequency. To establish a link with the asymp-
totic ray dynamics, we use a phase-space representation
of the modes known as Husimi distribution [16]. In order
to compare a three-dimensional mode with the acoustic
rays on a two-dimensional plane, the mode amplitude
is first scaled by the square root of the distance to the
rotation axis [7]. The Husimi distribution is then con-
structed from a cut taken along the PSS: H(s0, k0) =
|
∫

Φ′(s) exp(−(s − s0)2/(2∆2)) exp(ik0s)ds|2. Here Φ′

is the scaled version of Φ, the integral is taken along the
curve r = rp and k is the moment in the direction tangent
to this curve; ∆ is the width of the Gaussian wavepacket
on which Φ′ is projected. In Fig. 2, (s0, k0) is replaced
by (θ, kθ) for comparison with data from Fig. 1. Ex-
cept for some of the largest lengthscale modes close to
the frequency ω1, we find that the Husimi distribution
enables to unambiguously associate the modes with the
main structures of phase space. As illustrated in Fig.
2, we distinguished the island modes trapped into the
main stable islands, the chaotic modes localized in the
central chaotic region and the whispering gallery modes
associated with the whispering gallery region. We note
that, due to the relatively low frequency considered, the
chaotic modes do not spread over all parts of the chaotic
region.

Having defined subsets of modes, we can now analyze
the properties of the corresponding frequency subsets.
As shown in Fig. 3, the frequency spacings of the island

Lignières & Georgeot 2008

Ray Tracing, Poincaré Section

Island mode

Whispering Gallery Mode

Chaotic Mode

7



IAUS 301 — August 2013

Frequency Reorganization

J. Ballot et al.: Gravity modes in rapidly rotating stars
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Fig. 5. Evolution of the frequencies of ! = 1, 2, 3 modes (top to bottom). Frequencies are computed in the corotating frame. Perturbative approxima-
tions have been tested for a typical γ Dor (left panels) and for a B star (right panels). Green/red/blue parts of curves indicate that 1st/2nd/3rd order
is sufficient to reproduce complete calculations within an error δν = 0.1 µHz. Error bars on the righthand side of each panel show δν and 10 × δν.
Magenta lines indicate ω = 2Ω. For each plot, the bottom x-axis and left y-axis show dimensionless units, whereas the top x-axis and right y-axis
show physical units.

is also extensively used to determine g-mode frequencies (e.g
Berthomieu et al. 1978; Lee & Saio 1997). We will also ana-
lyze how rotation affects the regularities of the spectrum – such
as the period spacing – and compare it to the predictions of the

perturbative and traditional methods. In the present study, we
have focused on low-degree modes, but a more complete explo-
ration clearly needs to be performed. In particular, we might look
for the singular modes predicted by Dintrans & Rieutord (2000).

Page 7 of 8

Ballot et al. (2010)
ω = 2Ω
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Frequency Reorganization: p-Modes

Q̃ = �Q+ �

!̃ =
!− |P|− �

�

Q̃ = �Q

!̃ =
!− |P|
�

Reese et al. (2009)

ڐ ≈ Q̃ʎ̃Q + !̃ʎ̃! +P�ʎ̃P̃ −Pʢfit + ʨ̃

Even Parity Odd Parity
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The Spin Parameter

ʴ = � ʢڐF

Inertial regime: ν > 1

...a measure of how much the star turns 
during one oscillation period 

10
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The Traditional Approximation
‣ Neglect the Coriolis force arising from the 

horizontal component of the rotation vector
‣ Valid when ωc2, Ω2 ≪ N2 (g-modes)
‣ Pulsation equations identical to non-rotating 

case (with Cowling approx.), except:

!(!+ �) −→ P(ʴ),!ڍ
<P! (ʽ,ٲ) −→ ʒ!,P(ٲ; ʴ) exp(iPʽ)

11
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L- '89 1 

V. On the Application of HLarmionic Avcdysis to the Dynamntical ThYeory of the Tides.- 
Part Il. On the Gleneral Integratton of LAPLACE'S Dynamical Equtations. 

By S. S. HOUGH, ALA., Fellow of St. John's College and Isaac Newton Student in 
the University of Cambricge. 

Communicated by Professor G. IT. DAR7wiN, iK R. S. 

Received October 27,-Read December 9, 1897. 

IN the former paper onl this subject I heave dealt with the foumation of LAPLACE'S 
dynamical equation for the tides, and the integration of it, subject to the limitation 
that the solutions obtained should be symmetrical with respect to the axis of 
rotation. In the present paper I propose to extend the method of solution so as to 
free it from this restriction. 

The difficulties experienced by LAPLACE in his attempts to integrate the equation 
in question were so great that he abandoned all efforts to obtain a general solution, 
and confined his discussion to a few of the special cases which present the greatest 
interest from a practical point of view; even in these simple cases however his 
original attempts to express the solutions by means of the coefficients associated 
with his name were discarded in favour of series proceeding according to powers of 
a certain variable used to define the position of a point on the Earth's surface. 
These power-series have been further employed by Lord KELVIN* to obtain a more 
general solution of the problem, but the results obtained, though of considerable 
analytical interest, do not lend themselves well to a numerical discussion. Both 
AiRYt and KELVIN condemn the employment of the surface-harmonic functions 
as inappropriate, but a profound conviction that the efforts of LAPLACE, though 
unsuccessful, were well directed, has led me to take up the problem again from his 
point of view; with what success will be seen hereafter. 

I was originally led to attack the problem by a totally different method from that 
of LAPLACE based on the work of POINCARE't and BRYAN ?, and the principal 
analytical results, both in this paper and in the preceding, were at first obtained by 

* "On the General Integration of LAPLACE'S Differential Equation of the Tides." 'Phil. Mag.,' 1875. 
t 'Encyc. Metropolitana.' Art. " Tides and Waves," Section III., ? 116. 

"Sur l'6quilibre d'une masse fluide anime'e d'un movement de rotation." 'Acta Math.,' vol. 7, 
p.~ 355, et seq. 

? "The Waves on a Rotating Liquid Spheroid of Finite Ellipticity," 'Phil. Trans.,' A, 1889. 
T 2 24.5.98. 

This content downloaded from 128.104.1.219 on Mon, 19 Aug 2013 09:37:26 AM
All use subject to JSTOR Terms and Conditions
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The Equatorial Waveguide

cos(θ) = ±ν

Matsuno (1966)

13



IAUS 301 — August 2013

Frequency Reorganization: g-Modes

Fڐ ≈
√
(�!ʳ − �)ʢ :

Q

Prograde Retrograde

!ʳ = !− |P| !ʳ = !− |P|+ �

Townsend (2003)

Note: NOT for prograde sectoral modes

14
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‣ Become prograde sectoral g-modes in non-
rotating limit

‣ Geostrophic: θ Coriolis force balances θ pressure 
gradients

‣ Independent of rotation rate
‣ Azimuthally dispersion-free (α Oph?

 KIC 8054146?)

Frequency Reorganization: Equatorial Kelvin Modes

Fڐ ≈ P:K

Q

15
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Azimuthal Dispersion DiagramCHAPTER 12. EQUATORIAL DYNAMICS 124
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Figure 12.4: Non-dimensionalized dispersion relations for the Matsuno modes. The first two
Rossby and gravity modes (n = 1 and n = 2) are shown. For these modes the approximate
dispersion relations (12.33) and (12.34) are used. These differ only slightly from the exact
formulas.

these modes is roughly h0 = 25 m. This corresponds to a propagation speed for gravity
waves in a non-rotating environment of c = (gh0)

1/2
= 16 m s�1.

As we showed previously, shallow water modes with a characteristic speed of c are iso-
morphic to hydrostatic gravity waves with vertical wavenumber

m =

N

c
(12.42)

where N is the Brunt-Väisälä frequency. For N = 10

�2 s�1 and c = 16 m s�1, m = 6.25 ⇥
10

�4 m�1. However, as a first guess, one might expect that the gravity wave would have
a half-vertical wavelength equal to the depth of deep convection, which is essentially the
height of the tropopause. In this way, the vertical profile of heating by the convection, which
is roughly in the form of a sinusoidal function with a half-wavelength equal to the depth
of the convection, would project maximally onto the vertical velocity profile of the gravity
wave. In the tropics the tropopause height is about H = 16 km, which would imply a
vertical wavenumber of m = ⇡/H = 1.96⇥ 10

�4 m�1, which is about 1/3 of that implied by
observations.

Emanuel et al. (1994) proposed a theory which addressed this problem by hypothesizing

ℓ𝓁=|m|
ℓ𝓁=|m|+1
ℓ𝓁=|m|+2
ℓ𝓁=|m|+3

ℓ𝓁=|m|
ℓ𝓁=|m|+1

�
ڐ F

/�
ʢ

� P/
�
ʢ

RapidSlow Slow
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r-Modes

‣ Rotating versions of toroidal 
modes

‣ Propagate by conservation 
of vorticity

‣ Almost incompressible
‣ No temperature perturbations
‣ Difficult to excite by heat eng.

17
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Frequency Reorganization Revisited

J. Ballot et al.: Gravity modes in rapidly rotating stars
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Fig. 5. Evolution of the frequencies of ! = 1, 2, 3 modes (top to bottom). Frequencies are computed in the corotating frame. Perturbative approxima-
tions have been tested for a typical γ Dor (left panels) and for a B star (right panels). Green/red/blue parts of curves indicate that 1st/2nd/3rd order
is sufficient to reproduce complete calculations within an error δν = 0.1 µHz. Error bars on the righthand side of each panel show δν and 10 × δν.
Magenta lines indicate ω = 2Ω. For each plot, the bottom x-axis and left y-axis show dimensionless units, whereas the top x-axis and right y-axis
show physical units.

is also extensively used to determine g-mode frequencies (e.g
Berthomieu et al. 1978; Lee & Saio 1997). We will also ana-
lyze how rotation affects the regularities of the spectrum – such
as the period spacing – and compare it to the predictions of the

perturbative and traditional methods. In the present study, we
have focused on low-degree modes, but a more complete explo-
ration clearly needs to be performed. In particular, we might look
for the singular modes predicted by Dintrans & Rieutord (2000).

Page 7 of 8

Ballot et al. (2010)

!ʳ = �
!ʳ = �
!ʳ = �
Kelvin
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Analysis of rosette modes of oscillations in rotating stars
Masao Takata[1] and Hideyuki Saio[2]

[1] Department of Astronomy, School of Science, University of Tokyo, Japan / [2] Astronomical Institute, Graduate School of Science, Tohoku University, Japan

What are rosette modes?
Ballot et al., 2012, in ASP Conf. Ser. 462, 389

IDiscovered numerically in the polytropic model with index 3
that rotates uniformlly.
IAxisymmetric gravity modes in the outside of the inertial
domain (� > 2⌦).
ICharacteristic rosette-pattern structure in the distribution of
the kinetic-energy density on the meridional plane.

Where do they come from?
Takata & Saio, 2013, PASJ, 65, 68

IClose degeneracies of the frequencies among eigenmodes
with successive values of spherical degrees of the same
parity are responsible for the formation of rosette modes.
IQuasi-degenerate perturbation theory successfully
describes the interaction due to the Coriolis force among the
nearly-degenerate eigenmodes to form rosette modes as
linear combinations of those modes.
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Figure : l-! diagram of the polytropic model with index 3

New topics in this poster

1 JWKB analysis for simple description of the rosette patterns.
2 Nonaxisymmetric rosette modes.

JWKB analysis
Assumptions:

ILarge spherical degrees (l � 1).
IComplete degeneracy.
I Infinite number of degenerate modes.
Results:

IThe amplitude of rosette modes asymptotically concentrates
on 8 curves (in general) on the meridional plane.
ITwo indices are allocated to each rosette mode.

1 K is an integer that is associated with each family of degeneracy. The
difference in the polar angle between the two end points of each curve
is equal to K⇡/2.

2 q is a real number between 0 and 1 that indicates the order in the
frequency in a given family (larger q corresponds to a higher
frequency). The tilt angle of each rosette pattern from the rotation axis
is equal to q⇡/2.

K = 2
q = 0 q = 0.25 q = 0.5 q = 1

q = 0
K = 1 K = 2 K = 3 K = 4

Figure : Schematic asymptotic structures of rosette modes on the
meridional plane. Two dashed circles in each panel indicate the inner and
outer turning points.

Conclusion
IThe JWKB analysis makes it clear that the essential part of
the structure of rosette modes can be expressed by the
two-parameter family of simple curves.
IThere do exist nonaxisymmetric rosette modes, which can
be described by the quasi-degenerate perturbation theory
as axisymmetric rosette modes can.

Nonaxisymmetric rosette modes
Essential assumption:

IThe Ledoux constant, Cn, l, which is a measure of the
first-order effect of rotation, is so small that it is of the same
order as the rotation rate, ⌦.

Cn, l =

Z
⇠h;n,l

�
2⇠r;n,l + ⇠h;n,l

�
⇢r2 dr

Figure : Ledoux constant,
Cn, l, as a function of !,
which is calculated for g
modes with 3  l  10 of
the polytropic model with
index 3. The first
adiabatic exponent, �1, is
equal to 5/3.

Results:

INonaxisymmetric rosette modes appear in the framework of
the quasi-degenerate perturbation theory.
IRetrograde modes (m < 0) show clearer rosette structures
than prograde modes (m > 0).

Lowest frequency modes
m = 2 m = 1 m = 0 m = 1 m = 2

Second modes

Figure : Distribution of the kinetic-energy density on the meridional plane
of rosette modes that originate from a family of close degeneracy around
! = 1.7. The equilibrium structure is the polytropic model with index 3.
The spherical degrees of constituent modes are even integers between 2
and 20. The rotation rate, ⌦, is equal to 20% of the break-up rate.

Takata & Saio (Poster #66)

Rosette Modes: A Cautionary Tale
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Mode Visibilities
20
03
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Townsend (2003)

‣ With rotation:
‣ mode visibility generally 

decreases
‣ often, modes are more 

visible from the poles
‣ amplitude ratios become 

dependent on m and i

‣ More recent studies:
‣ Daszyńska-Daszkiewicz et 

al. (2007)
‣ Reese et al. (2012)
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Differential Rotation: Critical Layers

N�U ∼ N�K
1�
�Fڐ

Doppler shift: F(U)ڐ = ڐ −Pʢ(U)

Dispersion relation:

Pʢ(U) → ڐ
F(U)ڐ → � NU → ∞

...the wave will be strong damped (absorbed) at the critical layer
(see poster #39)
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How does pulsation
affect rotation?

B
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“…prograde modes can carry angular momentum from 
wave excitation regions to wave dissipation regions, and 
retrograde modes can do the contrary.”

Ando (1983)

Angular Momentum Transport by Pulsations
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Uniform Rotation of the Sun’s Interior

...evidence for J extraction by stochastic g modes?
(Talon et al. 2002)
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Reynolds Decomposition of 
Azimuthal Momentum Equation

Change in 
shell J

Divergence of J
Luminosity

Change in 
wave J

Gravitational 
Torque

∂

∂W
〈"ѩ YѮ〉 = − �

��U�
∂

∂U
/- −

∂

∂W
〈"ѩ′Y′Ѯ〉 −

〈
ѩ′ ∂є

′

∂Ѯ

〉
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Angular Momentum Luminosity

(angular momentum passing per unit time through spherical shell)

Reynolds Stress 
Flux

Eddy Mass
Flux

Third Order 
Stuff

/- = ��U�〈!(ѩY′UY′Ѯ + YѮѩ′Y′U + ѩ′Y′UY′Ѯ)〉
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Example: LJ in a Massive MS Star
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Amplitude Limitation via Interaction with 
Rotation?

Unstable Stable
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Just this year...

‣ Rogers et al. (2013): massive stars
‣ Alvan & Mathis (2013): critical layers
‣ Mathis et al. (2013): interactions w/ other 

transport mechanisms
‣ Charbonnel et al. (2013): PMS stars

(also, Poster #39)
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Summary

‣ The pulsation-rotation interaction is tricky!
‣ Nevertheless, much progress in past decade:
‣ 2-D numerical modeling becoming widespread
‣ Complementary tools are also emerging
‣ Interest in J transport is taking off

‣ Crunch time: theory vs. observations
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